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a b s t r a c t
In this paper, the nonlinear dust acousticwaves (DAW) in amagnetized dusty plasmaswith
different dust grains are analytically investigated. Newanalytical solutions of the governing
equation for this system have been obtained for the first time. The exact mathematical
expressions of the nonlinear dust waves have been canvassed for the general case in
magnetized dusty plasma containing different dust particles.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Nowadays, there is a growing interest in the study of different nonlinear collective processes in a dusty plasmas [1–
5]. It has been shown, both theoretically and experimentally, that the presence of extremely massive and highly charged
dust grains modifies the existing plasma wave spectra [2]. By numerous investigations [3–6], some authors have studied
the dust acoustic solitary waves in a dusty plasma, which consist of highly negatively charged dust particles and different
kinds of distribution ions and electrons respectively [7,8]. Recently, Ma et al. [9], Xie et al. [10–12] and Chen et al. [13] have
considered the effects of the dust charge variation for dust acoustic solitary waves. On the other hand, many simulation
results of linear and nonlinear DAW also have been obtained numerically [14,15]. Kartashov et al. [16] have investigated
the vortex solitons supported by azimuthally modulated lattices and reveal how the global lattice discrete symmetry has
fundamental implications on the possible topological charges of solitons. Duan et al. have studied the nonlinear DAW in
dusty plasmas with different dust particles [17,18]. It is shown that the nonlinear DAW can be described by the modified
Korteweg-de Vries (mKdV) equation, the modified Kadomtsev–Petviashvili (mKP) equation and the Zakharov–Kuznetsov
(ZK) equation for different cases, respectively. By using the formally variable separation approach [19–21], Lin et al. have
analytically investigated the nonlinear three-dimensional Debye screening in plasmas [22,23], the nonlinear dust acoustic
waves in two-dimensional dust plasma with dust charge variation [24], and the propagation of electromagnetic waves in
superlattices [25].
In this paper, we investigated the solutions of nonlinear dust acoustic waves in a dusty plasma with different dust size
distributions. We have some new analytical solutions for the governing equations of nonlinear dust acoustic waves in a
magnetized dusty plasma for the first time. We derived the exact mathematical expressions for the nonlinear dust acoustic
waves with many different dust grains. It is found that the motion equations for this system due to the formally variable
separation approach causes the nonlinear waves to be manifold described and some new kinds of analytical solutions for
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nonlinear waves are produced. These new analytical solutions, considering the formally variable separation and many
different dust particles, generate the mathematical characteristic of the symmetric distributions for the nonlinear dust
acoustic waves.
2. Mathematical formalism
We consider a three-component dusty plasma which consists of the massive and highly negative charged dusty grains,
electrons, and ions in the presence of an external static magnetic field (along the z direction). The motion equations of this
system can be expressed as follows [17,26]:
∂ndj
∂t
+∇ · (ndj−→u dj) = 0 (1)
∂
−→u dj
∂t
+ (−→u dj · ∇)−→u dj = Zdjmdj∇φ + ωcd
Zdj
mdj
(
−→u dj × −ˆ→z )+ 1mdj
−→
F
drag
(2)
∇2φ =
N∑
j=1
ndjZdj + ne − ni (3)
where ndj,
−→u dj, Zdj and mdj refer to the number density, the velocity, the charge number and the mass of dust particles
respectively. φ is the electrical potential. ωcd is the effective dust cyclotron frequency. ne and ni are the number densities of
the electrons and ions, respectively.
−→
F
drag
is the ion drag force (ignoring the thermal effects∇Ti, where Ti is the temperature
of ions). In fact, Tsytovich and Angelis have given the complete description of the ion drag force, depending on the Coulomb
logarithm for ion-dust collisions and large angle collisions [26–28]. On the other hand, the velocity of ions fluid in a dusty
plasmas, when neglecting viscous effects and second-order terms from the momentum equation, is
−→
F
drag
i = β ′αdrZdjni−→ui
−→ui = 1mini˜νtotd,i
(−ni∇Ti − Ti∇ni + niei∇φ) (4)
where the drag coefficient β ′ = Zdje2/(TiλDi) with λDi is the effective Debye length. When the drag coefficient satisfied
β ′  1, the variation αdr can be defined as
αdr = 13√pi
∫ ∞
0
[
ln
(
1+ 4y
2
β ′2
)
− 4y
2/β ′2
1+ 4y2/β ′2
]
exp(−y2)dy2.
On the other hand, for the case of the drag coefficient β ′ largely, αdr can be expressed as
αdr = 83√pi
∫ ∞
0
y exp(−y2)
1+ 1.5
(
β ′
2RY (β ′)y2
)1.65 dy.
Meanwhile, ni and
−→u i are the number density and the velocity of ions respectively. The plasma collision frequency ν˜totd,i can
be defined as ν˜totd,i = ν˜chd,i + ν˜d,i.
The dust charge variation qd comes in through the charge current balance equation (∂t+−→v ·5)qd = Ii+ Ie, which is valid
for grain charging arising from plasma currents due to electrons and ions reaching the grain surface. When the streaming
velocities of the electrons and ions are much smaller than their corresponding thermal velocities, the expressions for the
electrons and ions current for spherical grains of radius ad are given by
Ie = −4pia2dene
(
Te
2pime
)1/2
exp
(
eφf
Te
)
Ii = 4pia2deni
(
Ti
2pimi
)1/2
exp
(
1− eφf
Ti
)
where φf denotes the floating potential of the dust grains relative to the plasma potential. Because the motion of dust is
not so fast, the contribution from the electron current to the dust is balanced by the ions. By using the intricate algebra
for calculates of the charge current balance equation, El-Taibany and Xue [29,30] have obtained the number densities of
ions for a nonzero potential and electrons, assuming the nonthermal distribution of ions, integrating the three-dimensional
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equilibrium-state ion velocity distribution function satisfying the collisionless Vlasov equation, and negating of the electron
inertia, the following normalized dust charge as
ni = µ
[
1+ 4asφ(1+ sφ)
1+ 3a
]
exp (−sφ)
ne = ν exp(βsφ)
Zdj = 1+ γj1φ + γj2φ2 + · · ·.
(5)
In Eqs. (5), a is the nonthermal parameter of ions which determines the number of fast (energetic) ions. β = Ti/Te is the
ratio of ion temperature to electron temperature. δ = nio/neo is the ratio of the number density of ions to the electrons.
s = 1/(µ + νβ), µ = δ/(δ − 1) and ν = 1/(δ − 1). The variables γjk describe the effects of dust charge variation, which
are related to the physical parameters.
In this paper, we extend the formally variable separation approach [19–21] to the governing equations for this system.
Some new analytical solutions for DAW in magnetized dusty plasma are also obtained. The formally variable separation
equations are
ϕt = K1(ϕ), ϕx = K2(ϕ), ϕy = K3(ϕ), ϕz = K4(ϕ) (6)
where ϕ = ϕ(t, x, y, z) is a scalar function of |t, x, y, z|. Ki(ϕ) (i = 1, 2, 3, 4) are functions of ϕ, respectively. The sole
possible solutions of the compatible nature condition where [Ki, Kj] = 0 (i, j = 1, 2, 3, 4 and i 6= j) are
Ki = αiK(ϕ) (i = 1, 2, 3, 4) (7)
where αi (i = 1, 2, 3, 4) are all constants respectively.
Now, we consider the nonlinear DAW as some analytical functions, which contact with the formally variable as the
physical quantities depending on ϕ (udj, vdj andwdj are the velocities in the x, y and z directions respectively).
φ(t, x, y, z) = Φ(ϕ), ndj(t, x, y, z) = Ndj(ϕ), udj(t, x, y, z) = Udj(ϕ),
vdj(t, x, y, z) = Vdj(ϕ), wdj(t, x, y, z) = Wdj(ϕ). (8)
Substituting Eqs. (4)–(8) into Eqs. (1)–(3), the functionsK ,Φ,Ndj,Udj, Vdj,Wdj satisfy the following differential equations:
α1N ′dj(ϕ)+ α2
[
Ndj(ϕ)U ′dj(ϕ)+ Udj(ϕ)N ′dj(ϕ)
]+ α3 [Ndj(ϕ)V ′dj(ϕ)+ Vdj(ϕ)N ′dj(ϕ)]
+α4
[
Ndj(ϕ)W ′dj(ϕ)+Wdj(ϕ)N ′dj(ϕ)
] = 0 (9)
[α1 + α2Udj(ϕ)+ α3Vdj(ϕ)+ α4Wdj(ϕ)]U ′dj(ϕ) =
α2Zdj
mdj
[1+ f (φ)]Φ ′(ϕ)+ ωcd ZdjmdjK(ϕ)Vdj(ϕ) (10)
[α1 + α2Udj(ϕ)+ α3Vdj(ϕ)+ α4Wdj(ϕ)]V ′dj(ϕ) =
α3Zdj
mdj
[1+ f (φ)]Φ ′(ϕ)− ωcd ZdjmdjK(ϕ)Udj(ϕ) (11)
[α1 + α2Udj(ϕ)+ α3Vdj(ϕ)+ α4Wdj(ϕ)]W ′dj(ϕ) =
α4Zdj
mdj
[1+ f (φ)]Φ ′(ϕ) (12)∫
dΦ
±
{
2/(α22 + α23 + α24)
∫ [ N∑
j=1
Ndj(Φ)Zdj + ne(Φ)− ni(Φ)
]
dΦ + C ′
} 1
2
=
∫
1
K(ϕ)
dϕ (13)
where
f (φ) = β
′αdr
mi˜νtotd,i
(
Tisµ{1+ a[−1+ 4sφ(−1+ sφ)]} + µei[1+ 3a+ 4asφ(1+ sφ)]
1+ 3a
)
exp(−sφ)
C ′ = −
{
2
α22 + α23 + α24
∫ [ N∑
j=1
Ndj(Φ)Zdj + ne(Φ)− ni(Φ)
]
dΦ
}∣∣∣∣∣
Φ=φ|s
+ [Φ ′K]2 |Φ′K=Φ′K |s .
For such a case, from dϕ = ϕtdt + ϕxdx+ ϕydy+ ϕzdz the functionΦ is easily integrated and one finds∫
dΦ
±
{
2/(α22 + α23 + α24)
∫ [ N∑
j=1
Ndj(Φ)Zdj + ne(Φ)− ni(Φ)
]
dΦ + C ′
} 1
2
= α1t + α2x+ α3y+ α4z + E. (14)
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Eq. (14) bring into playing a decisive action for the analytical investigation of the DAW inmagnetized dusty plasma. From
Eqs. (9)–(12), we obtain the following analytical results:
Ndj(ϕ) = Adj
α1 + α2Udj(ϕ)+ α3Vdj(ϕ)+ α4Wdj(ϕ) (15)
Φ ′(ϕ)[1+ f (φ)] [α3dUdj(ϕ)− α2dVdj(ϕ)] = ωcdK(ϕ) [Vdj(ϕ)dVdj(ϕ)+ Udj(ϕ)dUdj(ϕ)] (16)
for the nonlinear dust acoustic waves in a magnetized dusty plasma with different dust particles.
For such a case, from Eq. (16), we obtain the following analytical results:
− α2Udj(ϕ) = α3Vdj(ϕ). (17)
By using Eqs. (15)–(17), it is clear that dφ = dΦ , dndj = dNdj, dudj = dUdj, dvdj = dVdj and dwdj = dWdj. We can
determine the mathematical characteristics in Eqs. (9)–(13), and get some general exact analytical solutions as follow:
ndj(t, x, y, z) = Ndj(ϕ) = AdjB(φ) (18)
udj(t, x, y, z) = Udj(ϕ)
= ±
{
2α23C(φ)
[
N∑
j=1
∫
Adj
B(φ)
( ∞∑
k=0
γjkφ
k
)
dφ + ν
βs
eβsφ + A(φ)e−sφ + C ′
]} 1
2
(19)
vdj(t, x, y, z) = Vdj(ϕ)
= ∓
{
2α22C(φ)
[
N∑
j=1
∫
Adj
B(φ)
( ∞∑
k=0
γjkφ
k
)
dφ + ν
βs
eβsφ + A(φ)e−sφ + C ′
]} 1
2
(20)
wdj(t, x, y, z) = Wdj(ϕ) = 1
α4
[−α1 + B(φ)] (21)
and ∫
dφ
±
{
2
α22+α23+α24
[
N∑
j=1
∫ Adj
B(φ)
( ∞∑
k=0
γjkφk
)
dφ + ν
βse
βsφ + A(φ)e−sφ + C ′
]} 1
2
= α1t + α2x+ α3y+ α4z + E (22)
where
A(φ) = µ[4asφ
2 + 12aφ + (15a+ 1)/s]
1+ 3a , B(φ) = ±
√√√√2α24
mdj
∫ ( ∞∑
k=0
γjkφk
)
[1+ f (φ)]dφ + Cdj0,
C(φ) = 1
ω2cd(α
2
2 + α23 + α24)
[1+ f (φ)]2, Adj = ndjo(α1 + α4wdjo),
Cdj0 =
{
−2α
2
4
mdj
∫ ( ∞∑
k=0
γjkφ
k
)
[1+ f (φ)]dφ + (α1 + α4wdj)2
}
φ0,wdj0
.
With E is defined by
E =

∫
dφ
±
{
2
α22+α23+α24
[
N∑
j=1
∫ Adj
B(φ)
( ∞∑
k=0
γjkφk
)
dφ + ν
βse
βsφ + A(φ)e−sφ + C ′
]} 1
2

φ=φ0
−α1t0 − α2x0 − α3y0 − α4z0. (23)
The above constants can be fully confirmed by using the initial conditions of this system.
Eqs. (18)–(22) are the exact analytical solutions, valid for the nonlinear dust acousticwaves in amagnetized dusty plasma
withmany different dust grains, inwhich the number density and the velocities of dust particles fully possess the variational
character of the exponential function on the electrical potential. It is found that the seeking solution of the electrical potential
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is the linchpin of the investigation of the nonlinear dust acoustic waves in dusty plasma. By using Eq. (22), we get the exact
analytical description for the electrical potential φ in a magnetized dusty plasma. Then the exact analytical solutions have
been obtained with respect to the nonlinear dust acoustic waves in a magnetized dusty plasma with many different dust
particles.
The system of Eqs. (18)–(22) describes the nonlinear dust acoustic waves in a magnetized dusty plasma with many
different dust grains for the general cases more accurately. The results will be an important academic foundation for the
numerical simulation studies.
3. The symmetry distributions of the nonlinear dust acoustic waves
We consider the general exact analytical solution (22) for the electrical potential φ of nonlinear dust waves in a
magnetized dusty plasma with many different dust grains
F(φ, t, x, y, z) = −α1t − α2x− α3y− α4z − E
+
∫
dφ
±
{
2
α22+α23+α24
[
N∑
j=1
∫ Adj
B(φ)
( ∞∑
k=0
γjkφk
)
dφ + ν
βse
βsφ + A(φ)e−sφ + C ′
]} 1
2
= 0. (24)
From Eq. (24), we obtain the following analytical results:
φi = ±
{
2α2i
α22 + α23 + α24
[
N∑
j=1
∫
Adj
B(φ)
( ∞∑
k=0
γjkφ
k
)
dφ + ν
βs
eβsφ + A(φ)e−sφ + C ′
]} 1
2
(25)
(φi = φt , φx, φy, φz;αi = α1, α2, α3, α4)
for the nonlinear dust acoustic waves in a magnetized dusty plasma with many different dust grains. It is shown that the
variational ratio of the electrical potential, for the time and space, have fully possessed the same mathematical properties
containing some different constants for the nonlinear dust acoustic waves in magnetized dusty plasma.
The above results give the symmetry distributions of the nonlinear dust acoustic waves in a magnetized dusty plasma
with many different dust grains as the following relations:
φi = ± α
2
i
α21 + α22 + α23 + α24
[(φt)2 + (φx)2 + (φy)2 + (φz)2]/∂φ
∂ i
, (26)
(φi = φt , φx, φy, φz;αi = α1, α2, α3, α4; i = t, x, y, z)
φt
∂F
∂x
∂F
∂y
∂F
∂z
= φx ∂F
∂y
∂F
∂z
∂F
∂t
= φy ∂F
∂z
∂F
∂t
∂F
∂x
= φz ∂F
∂t
∂F
∂x
∂F
∂y
. (27)
The system of Eqs. (24)–(27) describes the mathematical characteristic of the symmetric distributions for the nonlinear
dust acoustic waves in a magnetized dusty plasma with many different dust grains for the general cases accurately.
4. Conclusion
We have fruitfully investigated the nonlinear dust acoustic waves in a magnetized dusty plasma with many different
dust grains. New analytical solutions for the governing equation of this system have been obtained for the first time.
We have accurately solved the motion equation of the nonlinear problem for this system, when the formally variable
separation approach is considered. We derived the exact mathematical descriptions for the nonlinear dust acoustic waves
in a magnetized dusty plasma with different dust particles. It is found that the motion equations of this system due to the
formally variable separation approach causes the nonlinear waves to be manifold described, and new kinds of analytical
solutions for the nonlinear waves are produced. These new analytical solutions, including the mathematical symmetry
and considering many different dust grains and formally variable separation, generate an intense analytical characteristic
along the mathematical approach. We regard it as the generalization of the nonlinear waves in a magnetized dusty plasma
with many different dust grains. This can be important in the investigation of plasma wave spectra for the fundamental
characteristic in magnetized dusty plasma.
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